From topological inference to meshing algorithms

ndré Lieutier- Geometry Engineering
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Inferring topology from data

Part 1 focuses on the computation of a simplicial
complex which reproduces the homotopy type.

In part 2 we consider the computation of homeomorphic
simplicial complexes, in other words Triangulations



Topological faithful reconstruction and
topological inference
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Topological faithful reconstruction and
topological inference




Topological faithful reconstruction and

ST

\econstruction beyond visual realism:
understanding the topology
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Topological faithful reconstruction and
topological inference

von Mises (Nfmm* 2 (MPal}
49846
aags2
39878
14894
29910
24926

19942

P
]

14858

i
ﬁ«v

9974

4990

&

0006

P Yield strength 206,807

Reconstruction beyond visual realism:
understanding the topology
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Topological faithful reconstruction and
topological inference

(c) Critical basis of Z3"*(K, B) (d) Removing the first few chains

Reconstruction beyond visual realism:
Topology driven segmentation
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Motivation: TDA
(Topological Data Analysis)

MANIFOLD LEARNING

Topological inference
(topology learning)

Robot configuration space

T

Data= movie/pictures

topology
computation

reconstruction - . WL o

For example as
simplicial complex
= triangulation



Motivation: TDA
(Topological Data Analysis)
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What does it mean to recover the topology ?
(of subsets of euclidean space)?

e Computing a finite representation, typically a simplicial complex
which is homeomorphic = triangulation (or meshing)
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e Computing some topologlcal invariants, homology and
persistent homology
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Inferring topology from data

Part 1 focuses on the computation of a simplicial complex
which reproduces the homotopy type.
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What does it mean to recover the topology ?
(of subset of euclidean space)

e Computing a finite representation, typically a simplicial complex
which is homeomorphic = triangulation (or meshing)

Afunction f : X — Y between two topological spaces is a

. 0 homeomorphism if it has the following properties:

el _

TUH ) e f is a bijection (one-to-one and onto),
WiKIPEDIA o f is continuous,

The Free Encyclopedia ) ) —1 . . . )
o the inverse function f~~ is continuous (f is an open mapping).
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What does it mean to recover the topology ?
(of subset of euclidean space)

e Computing a finite representation, typically a simplicial complex
which is homeomorphic = triangulation (or meshing)

Afunction f : X — Y between two topological spaces is a

;/ .")& @ - u . [ N
. homeomorphism if it has the following properties:
5C Q “
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T Do e f is continuous,

The Free Encyclopedia ) ) —1 . . . )
o the inverse function f~~ is continuous (f is an open mapping).
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What does it mean to recover the topology ?
(of subset of euclidean space)

e Computing a finite representation, typically a simplicial complex
which is homeomorphic = triangulation (or meshing)

Afunction f : X — Y between two topological spaces is a
homeomorphism if it has the following properties:

o f is a bijection (one-to-one and onto),

WikipepiA  © f is continuous,

The Free Encyclopedia . ) —1 . ] ] )
o the inverse function f~~ is continuous (f is an open mapping).
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What does it mean to recover the topology ?
(of subset of euclidean space)?

e Computing a flnlte representatlon that shares the homotopy type

Homotopy type of a point Homotopy type of a circle

15



Homotopy type

(thanks to Frederic Chazal)

Q@
‘ft(x) (1—t)z

_S@)=0

(fo and f1 are homotopic)

e Two maps fo : X — Y and f; : X — Y are homotopic (denoted
fo =~ fi1) if there exists a continuous map H : [0,1] x X — Y s. t.
Ve € X, H0,z) = fo(x) and H1(1,x) = f1(x).

H(t,x) =1 —0x
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Homotopy type

(thanks to Frederic Chazal)

‘ fO(x) - ‘ ‘ |
—_— homotopy equiv.
- > ©

fi(z) = A-t)x !

- not homotopy equiv.

v

‘ fi(z) =0 O homotopy equiv. Q
/"_\ °
(fo and f1 are homotopic)

e Two maps fo : X — Y and f; : X — Y are homotopic (denoted
fo =~ fi1) if there exists a continuous map H : [0,1] x X — Y s. t.
Ve € X, H0,z) = fo(x) and H1(1,x) = f1(x).

e X and Y have the same homotopy type (or are homotopy equivalent)
if there exists continuous maps f: X - Y andg:Y - X s. t. go f
is homotopic to Idx and f o g is homotopic to Idy.

17



Homotopy type

A particular case : deformation retract

f

Xe——
g=inclusion

f
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Homotopy type

e X and Y have the same homotopy type (or are homotopy equivalent)
if there exists continuous maps f: X - Y andg:Y - X s. t. gof
iIs homotopic to Idx and f o g is homotopic to Idy.

D = {(x,y)EIR2|x2+y2§ 1} ‘
f

D >
7 W}

o—

VxeD, fix)=p

g(p)=0€D

19



Homotopy type

e X and Y have the same homotopy type (or are homotopy equivalent)
if there exists continuous maps f: X - Y andg:Y - X s. t. gof
iIs homotopic to Idx and f o g is homotopic to Idy.

D = {(x,y)EIR2|x2+y2§ 1} ‘
f

Dq

> {p}

e—

VxeD, fix)=p

g(p)

=0e€D

20

feg =1,

H(it,x)=(—-1)x

geof=H(,x)

H(t, x) =(1— t)x

—-Ab

H(l,x) =
— T



(Abstract) simplicial complexes

A k-simplex is a set of k + 1 vertices

AL -

0- - 3-simplex etc...

An simplicial complex is a collection of simplices glued along common faces:

...such that if a simplex is in the complex, all its faces (i.e. its non
empty subsets) are also in the complex.

21



Simplicial complexes
(geometric realization)

A k-simplex is a set of k + 1 vertices

e N LY

A simplicial complex defines a topological space by associating
to each k-simplex the convex hull of k + 1points in general
position in Euclidean space.

This topological space is called its geometric realization.

® &

22




Nerve Theorem

(finite, convex case)

Definition 1. A finite family of convex sets F = {C1,...,Cy} is a finite convex
cover of a set X if:
x=Joa

1=1,n

Definition 2. Given a finite cover F, the nerve N (F) of F is the simplicial com-
plex whose vertex set is J and with one simplex for each subset of J whose sets
have a non empty common intersection:

\

NF)=oCF| [)Ci#0,

C,€Eo

/

Theorem 1 (Nerve Theorem). If F is a finite convex cover of X, then N'(F) and
X have same homotopy type.

23




Cech complex and (¢-complex

Given a finite set P and a radius 7 > 0, the Cech complex C,.(P) is the nerve of
the family made of the closed balls B(p, r) with radius r for each p € P:

C(P)=N({B(p,7) | p € P})

24



Cech complex and (¢-complex

Given a finite set P and a radius 7 > 0, the Cech complex C,.(P) is the nerve of
the family made of the closed balls B(p, r) with radius r for each p € P:

C(P) =N ({B(p,7) | p € P})

Equivalently:

Given a finite set P and a radius 7 > 0, the Cech complex C,(P) is the set of
simplices in P enclosed in ball of radius .

25



Cech complex and (¢-complex

Given a finite set P and a radius 7 > 0, the Cech complex C,.(P) is the nerve of
the family made of the closed balls B(p, r) with radius r for each p € P:

. CP) =N ({B(.7) | pEPY)

Given a finite set P and a radius » > 0, the a-complex A, (P) is the nerve of the
family made of the intersections of the (closed) Voronoi cell of p with the closed
balls B(p, r) with radius r for each p € P:

20



Cech complex and (¢-complex

By the nerve Theorem, both Cech complex and (¥-complex
have the homotopy type of the corresponding union of balls

27



Cech complex and (¢-complex

By the nerve Theorem, both Cech complex and (r-complex
have the homotopy type of the corresponding union of balls

Intuition: under some conditions, it may retrieve
also the homotopy type of the sampled object

2300
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Vietoris-Rips complex

Given a finite set P and a radius » > 0, the Cech complex C,.(P) is the set of
simplices in P enclosed in ball of radius 7.

Given a finite set P and a parameter > 0, the Vietoris-Rips complex R, (P) is
the set of simplices in P with diameter at most 2r.

e@
1
/

29



Is It possible to capture the topology of a
“shape” from a finite sampling ?

An embedded manifold M A Point cloud S sampling M A simplicial complex K

built upon §, typically a
parametrized Cech or Rips,

radius = Cech
parameter

S

(i.e. is K homotopy equivalent to M ?)

30



Is It possible to capture the topology of a
“shape” from a finite sampling ?

An embedded shape M A Point cloud S sampling M A simplicial complex K
with some quantified with a sampling density built upon 5, typically a
regularity related to the shape parametrized Cech or Rips,

regularity with a parameter related

to the shape regularity
and sampling density

radius = Cech
parameter

S

(i.e. is K homotopy equivalent to M ?)

31



Regularity measures

Reach and medial axis Metric distorsion

closed
set §

(smooth objects)

Fig. 1. A set and its medial axis.

(not necessarily

Crijcical function Convexity deffect smooth)

/

so @ -




Medial Axis and Reach

R" (Euclidean space )

33



Medial Axis and Reach

point in C closest to p

R" (Euclidean space )

34



Medial Axis and Reach

points in C closest to p

R" (Euclidean space )

35



Medial Axis and Reach

Medial Axis

~

R" (Euclidean space )

36



Medial Axis and Reach

Medial Axis

Reach of a closed set C
« iInfimum of distances between C and its medial axis»

37



Medial Axis and Reach

Medial Axis

Reach of a closed set C
« iInfimum of distances between C and its medial axis»

* [ntroduced by Herbert Federer (Curvature Measures

1959): class of sets with positive reach allow to
define curvature measures beyond smooth case.

38



Medial Axis and Reach

Medial Axis

Reach of a closed set C
« iInfimum of distances between C and its medial axis»

* [ntroduced by Herbert Federer (Curvature Measures

1959): class of sets with positive reach allow to
define curvature measures beyond smooth case.

e Used again in the context of manifold reconstruction
with topological guarantees : Amenta et al. (Ifs),
Boissonnat et al., Dey et al., Niyogi et al.

39



Notation: offset of a set

We denote by S P B(&) orsometime §©¢
the Minkowski sum of 3 and a the ball B(&) of radius €

In other words the E-offset of Y
In other words, S «inflated » of &€ :

5 Be) = 5% = || B(x,e) = {y e R? | d(y.S) < e}

x€eS

40



Reconstruction Theorem for set with positive reach

R < reach(S)

Medial Axis

41



Reconstruction Theorem for set with positive reach

R < reach(S) SCP®Be) and P cCS® B@©)

Medial Axis

Q/A\',“’/'

> /) Q
7S Q'.’ "‘.(uv
v"\ Y X XX X
'-‘,.,l‘}‘/""
RS

(PYES eleh

closed

" set

42



Reconstruction Theorem for set with positive reach

R < reach(S) SCP®Be) and P cCS® B@©)

Medial Axis

closed

" set

AR
\/ ’\.% 4_'»1 X
SN
Q.8 1=m
"\‘"\"“"‘\"‘ /
XA Clal o R T
VgV, 78 B Y\ P =757,
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Reconstruction Theorem for set with positive reach

R < reach(S) SCP®Be) and P cCS® B@©)

General set of positive reach:

If € and 0 satisfy

Medial Axis

e+v26 < (V2—1)R,
'

there exists a radius r > 0 such that the union of balls P ® B(r)
deformation-retracts onto S along the closest point projection. In
particular, r can be chosen as r = (R + €)/2

Weaker conditions for manifold of positive reach:

If € and § satisfy
(R — )2 — 2> (4\/5— 5) R

These conditions are tight for retrieving the homology
and homotopy by some offset of the sample

44



Reconstruction Theorem for set with positive reach

R < reach(S) SCP®Be) and P cCS® B@©)

These conditions are tight for retrieving the homology
and homotopy by some offset of the sample

e+VvV20<(V2-1)R, .~

45



The reach can be alternatively defined by
the metric distortion

(Boissonnat, L, Wintraecken, 2017)

Theorem 1. If S C R? is a closed set, then

—b
rch S = sup {7“ >0, Va,b e S, |a—0b <2r=ds(a,b) <2rarcsin |a2_|} :
-

where the sup over the empty set s 0.

dy(a,b)

b

closed
set S

46



Metric distortion & ¢ as measure of regularity of a set §

(Boissonnat, L, Wintraecken, 2017)
Theorem 1. IfS C R? is a closed set, then

—b
rch S = sup {'r >0, Va,b e S, |a—0b <2r=ds(a,b) <2rarcsin |a2_|} :
-

where the sup over the empty set s 0.

Metric distortion g as measure |1 . G (1) = sup dg(a,b)

of regularity of a set § ? la—b||<t
Condition above can be rewritten as: D (t) < 2rarcsin 5
r
7[ - -
According to Gromov et Al.*: D(1) < Et = S is simply connected
24/2
D(t) < t = S is contractible

T

*Metric Structures for Riemannian and Non-Riemannian Spaces, M. Gromov, M. Katz, P Pansu, S.Semmes

47



Beyond the reach

But for non smooth manifolds the reachis 0!

g reach(S) =0 !

Medial Axis

48



Beyond the reach

Outside the medial axis, the distance fonction x — R(x)
is differentiable and its gradient has unit norm:

R(x)

49









Beyond the reach

Outside the medial axis, the distance fonction x — R(x)
is differentiable and its gradient has unit norm:

R(x)

F(x)=0

52



Beyond the reach

53



critical function

r — Ry (x) = d(z,K) = ;Iéllf(l d(z,y)

z— Ok (z) = 1y € K |d(z,y) = Rk(2)}.

Fi(z) = radius(O g (x))

~ z — center(Ok(x))
VK(Q;) d;f. RK(CE)K
2
Vx@I =1~ (F55)

54






Beyond the reach

56



critical function

(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).
 The distance function is not smooth but admit a generalized Gradient V ; (Clarke gradient)

57



critical function

Value of critical function )¢ for offset 7" :

Xs(r) =g4or 1nf V)|
d(x)=r VS(X)

> I

S@r
(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).
 The distance function is not smooth but admit a generalized Gradient V ; (Clarke gradient)

58



critical function

Value of critical function )¢ for offset 7" :

Xs(1r) = def. d?l)f— Vsl =1 Vo)
JX)=F S X

> I

S@r
(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).
 The distance function is not smooth but admit a generalized Gradient V ; (Clarke gradient)

59



critical function

Value of critical function )¢ for offset 7" :

Xs(F) =gef digfzr||vs(x)|| = 1

A

V(x)

A VS(X)

> I

S@r
(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).
 The distance function is not smooth but admit a generalized Gradient V ; (Clarke gradient)

60



critical function

Value of critical function )¢ for offset 7" :

Xs() =ger diylcl)f=r”VS(X)” <1

A

reach

> I

S@r
(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).
 The distance function is not smooth but admit a generalized Gradient V ; (Clarke gradient)
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critical function

Value of critical function )¢ for offset 7" :

Xs() =ger diylcl)f=r”VS(X)” <1

A

> I

S@r
(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).
 The distance function is not smooth but admit a generalized Gradient V ; (Clarke gradient)
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critical function

Value of critical function )¢ for offset 7" :

Xs() =ger diylcl)f=r”VS(X)” <1

A

A Vs(x)

> I

S@r
(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).
 The distance function is not smooth but admit a generalized Gradient V ; (Clarke gradient)
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critical function

Value of critical function )¢ for offset 7" : Critical point of

VS(X) distance function.

Xs(1) =ger dinf_ IVs|l =0

A

25(r) V()

> I

Topology changes ! SGBI’
(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).

e The distance function is not smooth but admit a generalized Gradient V ¢ (Clarke gradient)
* dis somewhat similar to a Morse function: topological changes arise only when y(r) = 0

64



Beyond the reach

Value of critical function )¢ for offset 7" : Critical point of

. distance function.
)(S(r) —def. dljclf;r ”VS(X)” <1 VS(X)

A

71 V()

Vs(x)

> I

SEBI’

(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).

e The distance function is not smooth but admit a generalized Gradient V ¢ (Clarke gradient)
* dis somewhat similar to a Morse function: topological changes arise only when y(r) = 0
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critical function

Value of critical function )¢ for offset 7" : Critical point of

' dist function.
Xs(F) = def d1§€1f_r IV < 1 istance function

Vs(x)

A

A V()

Vs(x)

> I

SEBI’

(Chazal, Cohen-Steiner, L, 2006)

We study the properties of the sublevel set of the distance function d; to the set (offsets).

e The distance function is not smooth but admit a generalized Gradient V ¢ (Clarke gradient)
* dis somewhat similar to a Morse function: topological changes arise only when y(r) = 0
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critical function

Value of critical function )¢ for offset 7" : Critical points of

: distance function.
Xs(1) =gef. dlglclf_r [Vs@)|l =0

A

Xs(7) V()

> I

BN
(Chazal, Cohen-Steiner, L, 2006) Topology changes !

We study the properties of the sublevel set of the distance function d; to the set (offsets).

e The distance function is not smooth but admit a generalized Gradient V ¢ (Clarke gradient)
* dis somewhat similar to a Morse function: topological changes arise only when y(r) = 0
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critical function

Value of critical function )¢ for offset 7" : Critical points of

Xs() =ger dinf_ Vsl <1

A

distance function.
Vs(x)

xs(7) V(x)

Vs(x)

> I

§&r
We study the properties of the sublevel set of the distance function d; to the set (offsets).

e The distance function is not smooth but admit a generalized Gradient V ¢ (Clarke gradient)
* dis somewhat similar to a Morse function: topological changes arise only when y(r) = 0

(Chazal, Cohen-Steiner, L, 2006)
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critical function

l"|§I [N

- Xs(r) =gef inf ||V
d(x)=r

.  (Fr@)\?
xelt) o g nf \/]L (RK(J;)) '
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l"|§I [N

critical function

Xs(r) =gef di(fcl)fzr Vsl

70

.  (Fr@)\?
xelt) o g nf \/]L (RK(J;)) '




critical function

“|§ =

Xs(r) =gef di()fcl)fzr Vsl

: Fr(z)\?
t) = f 1— .
XK( ) def. RKIEC)#\/ ( )

/1



Hausdorff distance
between compact sets

= max ( supd(x, Y), supd(y, X))

XEX yeY

Where: d(x,Y) := supd(x, y)
yeY

Equivalently:
d(X,Y)=supip>0| XCY® and YcX®%

= [ld(.,X) —d(.,Y)ll = sup |d(z, X) — d(z, Y)|

z€R4

% ™
, —~ (A
O A'Qh.é-.‘nl"mx... ‘«““.., VW
A O R o
‘ 7 C| So{




K/

critical function

Stability of the critical function

o5
o5

t 'I"r"'VIf’f!V""’ WM mmmmmmmwvmmmsmsmmmasmsimmmsssssnans ‘.. Setefe o *
’ v H ®
/ (

3 %

e °

o: OQMQ.‘..

Theorem:|[critical function stability theorem CCSL'06] Let K and K’ be two
compact subsets of R% s. t. dg(K,K’) <e. Forall » >0, we have:

it e () | € 1,90} — 24/ < e

where I(r,e) = [r — e, + 2x K (r)\/er + 3¢
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K/

critical function

Stability of the critical function

o5

V2
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Theorem:[critical function stability theorem CCSL'06] Let K and K’ be two
compact subsets of R% s. t. dg(K,K’) <e. Forall » >0, we have:

inf{xx/(u) |u e I(re)} — 2\/§ < xx(r)

where I(r,e) = [r — e, + 2x K (r)\/er + 3¢
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critical function

Stability of the critical function

o5

| ...
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Theorem:[critical function stability theorem CCSL'06] Let K and K’ be two
compact subsets of R% s. t. dg(K,K’) <e. Forall » >0, we have:

it e () | € 1,90} — 24/ < e

where I(r,e) = [r — e, + 2x K (r)\/er + 3¢
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Homotopy reconstruction of non smooth sets

dH(K,, K) < e KGDCI C K’EBCI+8 C KG}O{+28

/6



Hausdorff distance
between compact sets

= max ( supd(x, Y), supd(y, X))

XEX yeY

Where: d(x,Y) := supd(x, y)
yeY

Equivalently:
d(X,Y)=supip>0| XCY® and YcX®%

= [ld(.,X) —d(.,Y)ll = sup |d(z, X) — d(z, Y)|

z€R4

% ™
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Homotopy reconstruction of non smooth sets

dH(K,, K) < e KGDCI C K’EBCI+8 C KG}O{+28

KEBOC . K@OH-&‘ S K@OH-ZS
K'@“><, K'@a+e><K’@a+2€

Inclusion commutes

/8



Homotopy reconstruction of non smooth sets

dH(K,, K) < e KG}O{ C K’EBCI+8 C KG}O{+28

Ko _______ K®ate KEBa+28

><

><

K®a _____§ K®ate g K ®at+2e

- Inclusion commutes

~ Horizontal inclusions are homotopy equivalences

||||||

2¢€
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Homotopy reconstruction of non smooth sets

dH(K,, K) < e KG}O{ C K’EBO{+8 C KEDO{+28

Ko _______ K®ate KEBa+28

> <

K®a ______ K®ate K ®at+2e

- => all inclusions are homotopy equivalences

|||||||||
I
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Homotopy reconstruction of non smooth sets

dH(K,, K) < e KG}O{ C K’EBO{+8 C KEDO{+28

K > KEBOC > KEBa+8 > K@Cl+28

> <

K®a ______ K®ate K ®at+2e

- => all inclusions are homotopy equivalences

|||||||||
I
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When a simplicial complex over a point sample
recovers the homotopy type

By quantifying the stability of the critical function with respect
to the change in Hausdorff distance we get:

F. Chazal, D. Cohen-Steiner, and A. Lieutier. A sampling theory for compact sets Cech complex,
in Euclidean space. Discete Comput. Geom., 41:461-479, 2009. NoN-smooth

The critical function of a compact set

“ “\
com®

Definition: The (0, +00) — R of a compact set K is
the function defin dby

x(r) = inf Vi)
z€dp (r)
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Beyond the reach
Convexity defect approach (Atali L, Salinas, 2011)

Centers(X,t) ~___— X Hull(X,t) ™

Centers(X,t) = U {Center(co)}. Hull(X,t) = U Hull(o).

0#oCX 0#ocCX
Rad(o)<t Rad(o)<t

cx(t) = dy(Centers(X, 1), X) ho(t) = dy (Hull(X, 1), X)

33



Beyond the reach
Convexity defect approach (Atali L, Salinas, 2011)

cy(t) = dy(Centers(X, t), X) hy(t) = dy(Hull(X, 1), X)

Lemma 2. For any compact set X C R"™ and any real number t > 0, the
following three conditions are equivalent: (1)t is a critical value of d(-, X);

(2) ex(t) = t; (3) hy(t) =1t.
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When a simplicial complex over a point sample
recovers the homotopy type

By quantifying the stability of the convexity defect with respect
to the change in Hausdorff distance we get:

D. Attali, A. Lieutier, and D. Salinas. Vietorisrips complexes also provide topo-

logically correct reconstructions of sampled shapes. Comput. Geom., 46:448-465,
2013.

For Rips Complex: a kind of geometric and effective (i.e.
quantified) version of a result by J. Latschev (2001)
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When a simplicial complex over a point sample
recovers the homotopy type

P. Niyogi, S. Smale, and S. Weinberger. Finding the homology of submanifolds
with high confidence from random samples. Discrete Comput. Geom., 39:419-441,

2008. K
Dominique Attali, Hana Dal Poz Koufimskd, Christopher Fillmore, Ishika reach

Ghosh, André€ Lieutier, Elizabeth Stephenson, and Mathijs Wintraecken. Opti- /
mal homotopy reconstruction results\ a la niyogi, smale, and weinberger. arXiv

preprint arXiv:2206.10485, 2022.

(optimal)

Critical function &

F. Chazal, D. Cohen-Steiner, and A. Lieutier. A sampling theory for compact sets K //t -reach

in Euclidean space. Discete Comput. Geom., 41:461-479, 2009.

D. Attali, A. Lieutier, and D. Salinas. Vietorisrips complexes also provide topo-

logically correct reconstructions of sampled shapes. Comput. Geom., 46:448-465,
2013.

(best known constant for Vietoris-Rips complexes)

Convexity defects

Jisu Kim, Jaehyeok Shin, Frédéric Chazal, Alessandro Rinaldo, and Larry Wasserman.
Homotopy Reconstruction via the Cech Complex and the Vietoris-Rips Complex. (SoCG 2020)

(best known constant for Cech complexes)
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Part 2:
Triangulation by minimal chains
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Part 2:
Triangulation by minimal chains

Part 1 has focused on the computation of a simplicial
complex which reproduce the homotopy type.

In part 2 we consider the computation of homeomorphic
simplicial complexes, in other words Triangulations
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Part 2:
Triangulation by minimal chains
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Minimal homology notions:
Algebraic formulation of topological properties

s there a path between (X and & ?

90



Minimal homology notions:
Algebraic formulation of topological properties

I '5 f
INEN
Y

s there a path between (X and & ?

A (linear) algebra formulation of this question ?

91



Minimal homology notions:
Algebraic formulation of topological properties

le ¢

e X5
@
/

Vector space of 0-chains:

Co={Y,a+ YV, p+Y, 7+ Y;5+Y,e| YER|
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Minimal homology notions:
Algebraic formulation of topological properties

ﬁ0—>o

. \/

Vector space of 0-chains:
Co={Yoa+ Y p+Y, 7+ Y6+ ,e|¥eE RS}

(basis = 0-simplices)

Vector space of 1-chains:
C, = {Xaa+Xbb+XCc+de+Xee+Xff X € |R6}

(basis = “oriented” 1-simplices)

93



Minimal homology notions:
Algebraic formulation of topological properties

C, = {Yaa+Yﬁﬁ+Yyy+ Y64 Y.e|YeE RS}

(basis = 0-simplices)

C, = {Xaa+Xbb+XCc+de+Xee+Xff|X€ RS

(basis = “oriented” 1-simplices)

Boundary linear operator:

.

a : Cl—) C()

o—»©0

NN



Minimal homology notions:
Algebraic formulation of topological properties

%)
d:C— G 'BQ ¢ > @

d—a+c+f)=P-—a)+0—-p)+(—-0)
—e—a

s there a path between (X and £ ?

Yes: —a+c+f
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Minimal homology notions:
Algebraic formulation of topological properties

ﬂ._c>‘5
There a path between (X and &€ C’V \J:

— AT €C,| |0 =e—a

X~ —a+c+f
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Minimal homology notions:
Algebraic formulation of topological properties

ﬂ._c>.5
There a path between (X and &€ C’V \J:

— AT €C,| |0 =e—a

"~
=
X

A
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Minimal homology notions:
Algebraic formulation of topological properties

There a path between (X and & /‘\ /‘\

..... [x )
100000\ X /1\
Alitiz1000000| X 0.
— IT €, | 010100 X =10




Minimal homology notions:
Algebraic formulation of topological properties

There a path between (X and & /‘\ /‘\

..... [x )
100000\ X /1\
Si1i1000000 | X 0.
— dX €, | 010100 S e
0001 -1i-10-1 J\ X 0.
oo /\x /) \1)
/10500050\/:(51\ (1) o=, f
1-10.00 || 1 0. “ﬁ/ \,g
o-roctoio | o |50
000401 =1-10-1. 0. 0
\0505050511511/\(1) / \1/ L e —atc+f
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Minimal homology notions:
Algebraic formulation of topological properties

There a path between (X and &£ /‘\ /‘\

..... [x )
100000\ X /1\
Alti-tioiolol | X 0.
— dX €, | 010100 2 =10
0001 -1i-10-1 J\ X 0.
Vvooo 1 /\x/ \y
L /1 \ p c 0
/100000\ 0 (1) i’/._”
Sti-tioio 00| 0. e ﬁ o
ORES BNo NN N NN | I T el 0N ;46/
0.0 1 -1-1i-1 1 0.
\05050505151/\01/ \1/ A« —atctd-e




Minimal homology notions:
Algebraic formulation of topological properties

0,: C,— (, : al( <> ): K>

0

oa=0oa,pl=p—a

(C, : basis = “oriented” 2-simplices)

d,: C,—> Cy : 82( () )__\/

Or 1t = az[a,ﬁ,}/] =la,pl1+ 7]+ 1y, al=—c+b—a

31032=O




Minimal homology notions:
Algebraic formulation of topological properties

82( a, )—_:\:% oht=—c+b—a

62(t1+t2+t3+t4+t5+t6)—a+b+c+d+e+f



Minimal homology notions:

Simplicial homology in a single slide !

O © Opy1 = 0

8k: Ck — Ck—l

: (¢]
/ al
/ [ ———
Vo Vo.
V2 V2
e
A v, Vo — =V
\A v,
VO V| Vo Vl

[Vl ] - [Vo]

[Vl ,Vz] - [Voavz]+[V09
1

[V15V25 V3 ]=[ Vs Vo, Vi

+[V0:V1 :Vs]' [Voavl >V,

—

il

2
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Imo,, , Ckero,

Ck+1 Ck
ker 0,
Hk —
Im o,




Minimal homology notions:

AVAVAVAW% g
WY e
h /N

0I'=0 =1 ekerog,




Minimal homology notions:

Y3939
ONG

H,

ker 0,

- Im 02

9696909V r=0,8

ol'=0 =1 €kero,

But... I'elImo, =

[F] Imo, =0




Minimal homology notions:

Hy =

ker 0,

Im 62

\/\4
0969696

ol'=0 =1 €kero,

gﬁ7AﬁVA

¢ Imo,> [F]Imaﬁo




Minimal homology notions:

AT R

\4 g
AN



Minimal homology notions:

AT R

\4 r
AR

alr — O alr, — O = F, F, = k@l‘ al




Minimal homology notions:

F,

ker 0,

Hl —
Imaz

39539
O 0
9696909V r-r=0,5

alr — O alrl — O = F, F/ = ker 01



Minimal homology notions:

~ kero,

B Im 02

F,

5599 ¢a |
O 0
9696969V r-r=0,p

51F=O 01F'=O #F,F/Ekﬁral

[ —I"€Im 62 — [F]Imdz — [F,]Imaz



Minimal homology notions:

F,

 kero,

B Im 02

5599 ¢a |
O 0
9696969V r-r=0,p

['=-1"€lmod, <= [F]Imdz — [F,]Imaz

< | and [’ are homologous cycles



Minimal homology notions:
back to algorithms

112



Fundamental class
(orientable and non-orientable, with/without boundary)

If M is a connected compact orientable d-manifold, its d-homology group is one
dimensional and a generator of it is called the Fundamental class.

oA
dimH (M%) =1

113



Fundamental class
(orientable and non-orientable, with/without boundary)

If M is a connected compact orientable d-manifold, its d-homology group is one
dimensional and a generator of it is called the Fundamental class.

oA
dimH (M, Z,) = 1

If the coefficients field is Z, = Z/2Z, this is also true
for non-orientable (compact, connected) manifolds.

=
= ==
HHA
AR
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Fundamental class
(orientable and non-orientable, with/without boundary)

If M is a connected compact orientable d-manifold, its d-homology group is one
dimensional and a generator of it is called the Fundamental class.

N
dimH (M9, Z,) = 1
//.':;“\“\\\‘
\/" iANaREEEes R
A1) 7
S /e

If the coefficients field is Z, = Z/2Z, this is also true
for non-orientable (compact, connected) manifolds.

115



Remember:

Given a finite set P and a radius 7 > 0, the Cech complex C,(P) is the set of
simplices in P enclosed 1n ball of radius .

Given a finite set P and a parameter r > 0, the Vietoris-Rips complex R, (P) is
the set of simplices in P with diameter at most 2r.

e@
1
/
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In particular, under adequate sampling conditions and parameters, Cech
or Vietoris-Rips complexes K share the homotopy type and therefore

the d-homology of the complex.
Which is then is one dimensional and reproduces the fundamental class

of the manifold.

= H (K) contains a single non zero element.
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Fundamental class

= H /(K) contains a single non zero element.

But Homology classes are not geometric: we look for a particular
simplicial chain representative of the homology class whose support
could be homeomorphic to the sampled manifold:

We search for it as the minimum representative chain in the fundamental class

118



Two canonical problems

Minimal chain for a given boundary [

Given / € C,_(K, [F) find:
[, =min{l' € C(K,F),ol" =}

Minimal chain homologous to o

Given o € C (K, [F) find:
Fmin — mln{a‘l‘aa), w € Cd+1(K’ [F)}

119
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Minimal homology representative cycle
(real coefficients)

Minimal chain for a given boundary / )

arg min (|
rgmin o], &k

=l

| —— S

L2 minima are not sparse

AN 1
I\/||n|m|zmg |— norm Z E]JQ (= electrical power)
=> harmonic form. j J Rj = electrical resistance
}\
.
S

\./;\_; __,3,\\2;«7@

| T— S
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Minimal homology representative cycle
(real coefficients)

Minimal chain for a given boundary qz)

arg min H:UH ) \/\/\
p /\/\
n1 S
LT minima are sparse
Minimizing LT norm : Li|I;|  (Path length)
=> shortest path Z o ’
< .
/\“/j/w\’\ Sparsity
@/ \\/ STl
T ——— T e
VAVATAS
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Minimal homology representative cycle

Minimal chain homologous to o

Given o € C/K, Z,) find:
[ = min{a+0o,0 € Cyy (K. Z,)} T, = length(") = " |T(2) | length(»

i

R/
Q“A

Minimality for L! norm, typically « volumes»:

I, = Vol(I) = )’ |T(z)| Vol(z)

&

AV,

N/

- -
s
AP Pt NN
v 4" > - o
QAL VY

!

IT]|; = area(I') = 2 |I'(7) | area(7)

( Thanks to T. Dey et Al. for the figures)
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Minimal homology representative cycle

Some related works on Lminimal homologous chain...

ACM, 2009.

Chao Chen and Danie . Quantifying homology classes.
arXiv preprint arXiv:0802.2865, 2008.

Chao Chen and Daniel Freedman. Measuring and computing nat-
ural generators for homology groups. Computational Geometry,

rthy. Optimal
homologous cycles, total unimodularity, and linear programming.
SIAM Journal on Computing, 40(4):1026-1044, 2011.

Tamal K Dey, Tao Hou, and Sayan Mandal. Computing mini-

mal persistent cycles: Polynomial and hard cases. arXiv preprint
arXiw:1907.04889, 2019.

123

Hardness results
(linear programming):

NP-Hard in general
for coefficients in Z,

%

7
(“F

( Thanks to T. Dey et Al. for the figures)



Minimal homology representative cycle

Some related works on Lminimal homologous chain...

Hardness results
Erin W Chambers, Jeff Erickson, and Amir Nayyeri. Minimum (linear programming):
cuts and shortest homologous cycles. In Proceedings of the twenty-
fifth annual symposium on Computational geometry, pages 377—

385. ACM, 2009. polynomial algorithm
Chao Chen and Daniel Freedman. Quantifying homology classes. when total unimodul arity

of boundary operator

arXiv preprint arXiv:0802.2865, 2008.

Chao Chen and Daniel Freedman. Measuring and computing nat-
ural generators for homology groups. Computational Geometry,

43(2):169-181, 2010.

Chao Chen and Daniel Freedman. Hardness results for homology
localization. Discrete € Computational Geometry, 45(3):425-448,

)
/

B
£l
w1

A ,
A7 A /1
28

(2 4

, 2 nputing mini-
mal persistent cycles: Polynomial and hard cases. arXiv preprint
arXiw:1907.04889, 2019.

PA

( Thanks to T. Dey et Al. for the figures)
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Our two canonical problems

Minimal chain for a given boundary [

Given ) € C,_,(K, Z,) find:
[, =min{l' € C(K, Z,),0l" = j}

f

Minimal /:hain homologous to

Givenfo € C/(K, Z,) find:
[' i mn{a+ow,w € Cyi (K, Z,)}

min

min according to:

* Llnorm,
* lexicographic order.

125

<E e
dim(K) =1



Our two canonical problems

% \
Minimal chain for a given boundary / &. b l/ \\

~\
Given / € C,_(K, Z,) find: <'{ >\.//
[ = r?in{F € C/(K, Z,),0l" = [} dim(K) = 1
AN
Minimal /:hain homologous to o N ' /
LN T _/
Givenja € C/K, Z,) find: A ﬂ%
. = mln{a+aa),0) < Cd+1(K’ Zz)} "\F\ﬁ

min according to: Je o
* Llnorm, NP-hard in general (Chen, Freedman, 2071)
* lexicographic order. @(n3) (Cohen-Steiner, L, Vuillamy, 2019)
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Lexicographic order
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Lexicographic order minimal 1-chain

Connect the some dots to form a path between s and ¢

”".R o °
’_/ \0
v Y’
o, .
. 1
Q O
,v‘ ° o J
S’ ’;
Q
.\k.\\
® e
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Lexicographic order minimal 1-chain

Connect the some dots to form a path between s and ¢

Objective: find path going through “densest” parts of the point cloud.

1D simplicial complex = Complete graph (= one edge by points pairs) .~ o o

’ ¢ ’:./ © e ~e &

. Y.

o ¥ 1
§ o o

‘o ’,;
O \\
k..\\
°®
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Lexicographic order minimal 1-chain

Connect the some dots to form a path between s and ¢

Objective: find path going through “densest” parts of the point cloud.
1D simplicial complex = Complete graph (= one edge by points pairs)

Classic graph problem: o ‘ e
Find minimal path for given edge e o0
weights (Dijkstra’s algorithm) ‘'® e
O ° ‘t
min Z length(e) p=1
6F—s+t
ecl
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Lexicographic order minimal 1-chain

Connect the some dots to form a path between s and ¢

Objective: find path going through “densest” parts of the point cloud.
1D simplicial complex = Complete graph (= one edge by points pairs)

Classic graph problem: o’ e
Find minimal path for given edge ° o0
weights (Dijkstra’s algorithm) Ny ’ LS
O ° ‘
min 2 length(e)®> p=2 t
6F—s+t

ecl
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Lexicographic order minimal 1-chain

Connect the some dots to form a path between s and ¢

Objective: find path going through “densest” parts of the point cloud.

1D simplicial complex = Complete graph (= one edge by points pairs) . o o
C ° o * : ° : ° o
Pythagoras: aA.b o & o« o
S o
@ o
i 2 2 2 T
4acb>5=>ac + cb” < ab .
> ..'
min 2 length(e)®> p=2 t
aF—s+t
eel’
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Lexicographic order minimal 1-chain

Connect the some dots to form a path between s and ¢

Objective: find path going through “densest” parts of the point cloud.

1D simplicial complex = Complete graph (= one edge by points pairs) . o ®
O .. .. ‘.
S ot Vo'

®© y

P @)

O

O ° ‘t
min 2 length(e)* p=4

ol '=s+t¢
> ecl
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Lexicographic order minimal 1-chain

Connect the some dots to form a path between s and ¢

Objective: find path going through “densest” parts of the point cloud.
1D simplicial complex = Complete graph (= one edge by points pairs

) o ® 2o o ¢
O o .e z ¢ ¢ N .‘
e ~° Jo
¢ "’ o 0
S S/
© ;
Ps 0O
Y
O L‘"‘
[
min Zlength(e)8 p=3

ol '=s+t¢
> ecl
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Lexicographic order minimal 1-chain

Connect the some dots to form a path between s and ¢

Objective: find path going through “densest” parts of the point cloud.

1D simplicial complex = Complete graph (= one edge by points pairs) . o o
o ° : ¢ ° :0
. ,°
o
o ¢ «°
o) o
S ° e O o 9
®© o
Ps ®
... .
®
min 2 length(e)”
ol =s+t
eel’

Behavioras p — o0 ?
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Lexicographic order minimal 1-chain

Limit behavior as p — o0 ? : lexicographic order

Assume no two edges have same length (generic condition):
Sort edges along decreasing length:

W >Wwy> ... >WwWy ,Where W; = length(fl-)
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Lexicographic order minimal 1-chain

Analogy for lexicographic order: “Rock hopping’

Which path is smaller in the lexicographic order ?
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Lexicographic order minimal 1-chain

Analogy for lexicographic order: “Rock hopping"

Which path is smaller in the lexicographic order ?

1—‘2 Elex 1—‘1 '
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Lexicographic order

< defines a lexicographic order L, . on chains:

Iy =15 W3
') Byl = Ot
“W | 6pax =max{c €T —-T,} €T, y
I, Lob
(With coefficients in Z,, I'| =1, is the
symmetric difference between I'; and 1)
2
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Our two canonical problems again

Lexicographic-minimal chain for a given boundary }' - S \\
Given j € C,_((K, Z,) find: &.@\ \

v
' N e
[, =min{l" € C(K, Z,),ol" = f3} i
Elex

AN

Lexicographic-minimal homologous chain: y /
Gi " =N/ <7\

iven o € C/K, Z,) find: ‘ =

—
-

L) DD
=

Both problem can be solved in less than ((71°) time complexity

I . =min{a+dw,w € C,, (K, Z,)) "L

Elex
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Our two canonical problems again

Lexicographic-minimal chain for a given boundary }' - S \\
Given j € C,_((K, Z,) find: &.@\ / \

[, =min{l' € C/(K, Z,),0l" = f}

Elex

Lexicographic-minimal homologous chain: y / /
— =N\

Given a € C (K, Z,) find: " :A

. 4\ ‘h gﬁ

prTnand @ = 1, are Ilnear maps, (as for L2 minima)
but minima are sparse (as for L ! minima).
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O(n>) general algorithm

2
Lexicographic-minimal homologous chain: y | ‘
Given o € C/K, Z,) find: A o
[ =min{a+dw,» € Cy (K, Z,)) P
Elex T "‘ N

A chain I’ is said to be a reduction of a chain I if:

["is homologoustol' and 1" <, I’
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O(n>) general algorithm

2
Lexicographic-minimal homologous chain: y | / '
Given o € C/(K, Z,) find: A o :§
[, =mmn{a+dw,w € C;, (K, Z,)} \\ . '
Elex S § \’

(d + 1)-simplices

REEE

(11 1 1 0}«

0 1 I 1 1]

10 T e d-simplices ordered
0gi1=|1 0 0 1 Of+— along increasing <

0100 1]

1 00 0 1]+«

0 0 1 1 0)«
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O(n>) general algorithm

(11110 (111 0 0)
01111 01100
1 1 1 O 1 1 1 1 10
;=11 001 0|=R.V R=|1 0010
01001 01000
1 000 1 1 0000
001 10, 001 0 0

In R, there is exactly one column with a lowest 1 for each reducible simplex 1

Same as Homological persistence

Algorithm 1: Reduction algorithm for the 0.1 matrix

R = 0441
for j < 1 ton do
while R; # 0 and Jjp < j with low(jo) = low(j) do
| Rj <« Rj + Rj,
end
end
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O(n>) general algorithm

041 =RV +
L
(1 11 0 0) (1) 0)
01100 1 0
1 1110 0 1
R=|1 0010 Ty=a=|1 =11
01000 0 0
1 0,000 1
\0()@00) @ \0)

In R, there is exactly one column with a lowest 1 for each reducible simplex 1

Total reduction of I using the reduced boundary operator R

Algorithm 2: Total reduction algorithm

Inputs: A d-chain I', the reduction matrix R from Algorithm 1
for i < m to 1 do

if I'[7] # 0 and 35 € [1,n] with low(j) =i in R then

end

end
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O(n>) general algorithm

dse1 = R.V +
£ 2 v
(1 11 0 0) (1) (0) (1)
01100 1 0 0
11110 0 1 0
R=|10010 Ty=a=|1 =11 I=1|0
1 000 0 0
@oooo 1 @ 0
01 0 0, \1) \0)

In R, there is exactly one column with a lowest 1 for each reducible simplex 1

Total reduction of I using the reduced boundary operator R

Algorithm 2: Total reduction algorithm

Inputs: A d-chain I', the reduction matrix R from Algorithm 1
for i < m to 1 do

if I'[7] # 0 and 35 € [1,n] with low(j) =i in R then

end

end
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O(na(n)) algorithm in co-dimension 1

AN N

Lexicographic-minimal homologous chain: y y
Gi . \ / ﬂ
iven o € C/(K, Z,) find: A‘ <[>
Nt

I' . =mm{ao+ow,w € C, (K, Z
min nElllexn{a w, W d+1( 2)} "\ ﬂ \) \

Once d-simplices are sorted ( in time O(n log n)):

O(n a(n)) algorithm using union-find data structure on the dual
graph to solve a lexicographic MIN-CUT/MAX-FLOW problem.




Delaunay as linear programming

When LT minimal chain is Delaunay

For each point u € R™, we consider its lifted image 4 = (u, ||u]/?) € R* ™.
A classical result says that o is a Delaunay n-simplex of P if and only if &
spans an n-face of the lower convex hull of P.

..............
........
.= - -

.
.
’
.
'
.
- A
v
.
.

parabolic
lifting
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Delaunay as linear programming

When LT minimal chain is Delaunay

vl
®
; v
/’ % \‘2
L[V1V2V3](x) 4 \ . . y
- > 1
S 5 ~ &= - 7
g (0) — X ; ; 5,(x) = L,(x) — x
x2 * >
116,,—’?'_’ _____ -~ .
\/ X@® ¥ V2
N\ ' 7
~ < _ * ______ =
(28]
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Delaunay as linear programming

When LT minimal chain is Delaunay

Triangulation 7' is Delaunay iff.:

1/p lp
VT, (J 5T(x)pdx> < (J 5T,(x)pdx)
D D

Long Chen and Jin-chao Xu. Optimal delaunay triangulations.
Journal of Computational Mathematics, pages 299-308, 2004.

3
_4-.-———5_‘_\\ /
<~ Vg

: 0,(x) = L(x) — x2

—_

150
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Delaunay as linear programming

When LT minimal chain is Delaunay

Triangulation 7' is Delaunay iff.:

VT, Z w,(7)P < Z w, () wy(7) = <LT| 6, (x) dx)

el e’

S =

Long Chen and Jin-chao Xu. Optimal delaunay triangulations.
Journal of Computational Mathematics, pages 299-308, 2004.

3
.-—.————_‘_\\ /
<~ Vg

: 0,(x) = L(x) — x2

—_

— 2
minimum along the 7" that triangulates &

157



Delaunay as linear programming

When LT minimal chain is Delaunay

Triangulation 7' is Delaunay iff.: 1

el e’

Long Chen and Jin-chao Xu. Optimal delaunay triangulations.
Journal of Computational Mathematics, pages 299-308, 2004.

Variational definition of Delaunay
=> triangulation optimization :

Pierre Alliez, David Cohen-Steiner, Mariette Yvinec, and Mathieu Des-
brun. Variational tetrahedral meshing. ACM Transactions on Graphics
(TOG), 24(3):617-625, 2005.

L. Chen and M. Holst. Efficient mesh optimization schemes based on
optimal delaunay triangulations. Computer Methods in Applied Mechanics
and Engineering, 200(9):967-984, 2011.
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Delaunay as linear programming

When LT minimal chain is Delaunay

Triangulation 7' is Delaunay iff.:

VT, ) wy@F < ) w, (o)

el e’

w,(7) = <J 5T(x)pdx>
|z

Long Chen and Jin-chao Xu. Optimal delaunay triangulations.
Journal of Computational Mathematics, pages 299-308, 2004.
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Delaunay as linear programming

When LT minimal chain is Delaunay

Triangulation 7' is Delaunay iff.:

VT, Z w,(7)P < Z w, () wy(7) = <LT| 6, (x) dx)

el e’

- 2
minimum along the chains I such that

o' = 09
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Delaunay as linear programming

When LT minimal chain is Delaunay

Triangulation 7' is Delaunay iff.:

VT, Z w,(7)P < Z w, () wy(7) = <J'|T| 6, (x) dx)

el e’

Define the following norm on chains:

ITl, = ) w,@? |T@)]

oc€K,
Stilla L' norm : exponent p is on ?4—9 >
the weight, not on the coordinate. minimum along the chains | such that

o' = 09

155



Delaunay triangulation

)|, = 2 w,(DP IT@ ]| | w0 = (J 50_(x)de>p = 15,1,
|o]

c€K,

(Attali, L., 2016)

Let P c R4 be a finite set of points.
Let ﬂP be a cycle whose support is the boundary of the convex hull of P

The support of the chain that minimizes T" — |||, under constraint JI" = fp
is the Delaunay triangulation of P
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Delaunay as linear programming

2-manifolds and perturbed d-manifolds:

1T, =

(Attali, Dominique, and A. L. "Delaunay-Like Triangulation of Smooth
p Orientable Submanifolds by {1-Norm Minimization. » 2022)
wy(0)” | 1(2) |

o€K,

The support of the chain that minimizes I" — ||T'||,
o' =0

under constraint {load o, Approx(Ty ) = 1,

triangulates the manifold.




Delaunay triangulation

1T, = Z w,(DP I T@) || | 0) = (J 56(x)de>p = 15,II,
ol

c€K,

(Attali, L., 2016)

Let P C R? be a finite set of points.
Let fp be a cycle whose support is the boundary of the convex hull of P

The support of the chain that minimizes T" — ||| , under constraint ol" = fp
is the Delaunay triangulation of P

p vp, Behavioras p — o0 ?
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Delaunay order

When lexicographic-minimal chain is Delaunay

W (0) = ([l l@(x)ﬁdx) = 15,1,

The weights wdefines a preorder < on simplices:

Behavioras p — o0 ?

01 <o 0p & dpe€llof, Vp'€lp o, w,lo) <w,(0,)

def.
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Delaunay order

When lexicographic-minimal chain is Delaunay

W (0) = ([l I@(x)ﬁdx) = 15,1,

The weights wdefines a preorder < on simplices:

Behavioras p —> o0 ?

01 <o 0p & dpe€llof, Vp'€lp o, w,lo) <w,(0,)

def.

<, is a finer (pre-)order than comparing w_, = ||9,|| ,, = maxd_(x) = lim w,
x€|o| p—>0
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Delaunay order

When lexicographic-minimal chain is Delaunay

W (0) = ([l I@(x)ﬁdx) = 15,1,

The weights wdefines a preorder < on simplices:

Behavioras p —> o0 ?

01 <o 0p & dpe€llof, Vp'€lp o, w,lo) <w,(0,)

def.

<, is a finer (pre-)order than comparing w_, = ||9,|| , = maxd_(x) = lim w,
xXE|o|
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Whe

Behavioras p — o0 ?

Delaunay order

n lexicographic-minimal chain is Delaunay

W (0) = ([l I@(x)ﬁdx) = 15,1,

The weights w,defines a preorder < on simplices: Acute triangle:

01 <o 0p & dpe€llof, Vp'€lp o, w,lo) <w,(0,)

Re = Ry

def.

For 2-simplices, under a generic condition, one has:

Lemma 7.4. If Condition 1 holds, <. s a total order on the set of Obtuse triangle:
2-simplices of K with: RB

01 <o 02 < J

(

RB(O'l) < RB(O'Q)

or

\Rp(01) =Rp(02) and Re(o1) > Ro(o)
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Delaunay order

When lexicographic-minimal chain is Delaunay

Behavioras p —> o0 ? !
w (o) = [ 5,(Vdx ) =15,
o]

The weights wdefines a preorder < on simplices:

01 <o 0p & dpe€llof, Vp'€lp o, w,lo) <w,(0,)

def.

When <, is a total order, it defines a lexicographic order L, on chains:

1—‘1 Elex FZ — Or
4 Omax — maXSOO {O' & Fl — Fz} = Fz

(With coefficients in Z,, I’y — I'; is the symmetric difference between I'; and 1)
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Delaunay triangulation

When lexicographic-minimal chain is Delaunay

Theorem 1 Let P = {(Pi,p1),.-., (Pn,un)} CR™ xR, with N >n+1, be
wetghted points in general position and Kp the n-dimensional full simplicial

complex over P. Denote by Bp € Cyp,—1(Kp) the (n—1)-chain, set of simplices
belonging to the boundary of the convex hull CH (P).

Then the simplicial complex |Imin| support of

I, = min {F € Cn(Kp),0I = ﬁp}

Llex

1s the reqular triangulation of P.

(Cohen-Steiner, L.,Vuillamy 2020)
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Delaunay triangulation

When lexicographic-minimal chain is Delaunay

Theorem 1 Let P = {(Pi,p1),.-., (Pn,un)} CR™ xR, with N >n+1, be
wetghted points in general position and Kp the n-dimensional full simplicial

complex over P. Denote by Bp € Cyp,—1(Kp) the (n—1)-chain, set of simplices
belonging to the boundary of the convex hull CH (P).

Then the simplicial complex |Imin| support of

I, = min {F € Cn(Kp),0I = ﬁp}

Llex

1s the reqular triangulation of P.

This extends to smooth (positive reach) 2-manifolds
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Triangulation of positive reach 2-manifolds

P C M is an (e, n)-sampling of M iff:
® dH(P,M) < €
e Vp,q e P,p#q=d(p,q) >n

Theorem 1. There are constants Cq,Cy, C3 such that:
If M is a smooth 2-manifold embedded in R"™ with reach R, P an

(¢,n)-sampling of M and K a Cech or Vietoris-Rips complex on K
with parameter A\, such that:

Cie < A< CyR K captures the homotopy type
= pp =1
and: .
£ i Lexicographic minimal chain in
< Oy
R € H,(K, Z,) is a triangulation
Then if:

T = min Ker(0s) \ Im(03)

glew

The restriction of maq to |T| is an homeomorphism on M. It follows
that (| T, wam) is a triangulation of M.
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iInimal homology representative cycle

Examples of lexicographic-minimal cycle
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Minimal homology representative cycle

Examples of lexicographic-minimal cycle
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Minimal homology representative cycle

Examples of lexicographic-minimal cycle
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Ive cycle

| homology representat
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Minimal homology representative cycle

Examples of lexicographic-minimal cycle
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Minimal homology representative cycle

Examples of lexicographic-minimal cycle
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Minimal homology representative cycle

Examples of lexicographic-minimal cycle
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Minimal homology representative cycle

Examples of lexicographic-minimal cycle
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Ive cycle

| homology representat
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Minimal homology representative cycle

Examples f Iexiographic-minimal cycle




Minimal homology representative cycle

Examples of lexicographic-minimal cycle




Minimal homology representative cycle

xamples of lexicographic-minimal cycle
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Minimal homology representative cycle

Examples of lexicographic-minimal cycle




Minimal homology representative cycle




Thank you !
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