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Vector Graphics on Discrete SurfacesInteractive
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Vector Graphics on Discrete SurfacesInteractive

Raster graphics

Vector graphics



Every point has a neighborhood that “looks like” an open set  
of the Euclidean plane
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<latexit sha1_base64="j/FROg2vJ+5KWMXWOPhUHUxH4Ws=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSqJFRRCKblxWsQ9oYplMp+3QySTMTKQlzdqNv+LGhSJu/QJ3/o2TNgttPXDhcM693HuPFzIqlWV9G3PzC4tLy7mV/Ora+samubVdk0EkMKnigAWi4SFJGOWkqqhipBEKgnyPkbrXv0r9+gMRkgb8Tg1D4vqoy2mHYqS01DL3nHgAHcqh4yPV87z4Nrk/hufQGQ2cEbywnaRlFqyiNQ acJXZGCiBDpWV+Oe0ARz7hCjMkZdO2QuXGSCiKGUnyTiRJiHAfdUlTU458It14/EoCD7TShp1A6OIKjtXfEzHypRz6nu5MD5bTXir+5zUj1TlzY8rDSBGOJ4s6EYMqgGkusE0FwYoNNUFYUH0rxD0kEFY6vbwOwZ5+eZbUjor2SbF0UyqUL7M4cmAX7INDYINTUAbXoAKqAINH8AxewZvxZLwY78bHpHXOyGZ2wB8Ynz9hOplu</latexit>

{x 2 R3 : kxk = 1} 162 vertices 
320 triangles

Vector Graphics on Discrete SurfacesInteractive
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<latexit sha1_base64="j/FROg2vJ+5KWMXWOPhUHUxH4Ws=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSqJFRRCKblxWsQ9oYplMp+3QySTMTKQlzdqNv+LGhSJu/QJ3/o2TNgttPXDhcM693HuPFzIqlWV9G3PzC4tLy7mV/Ora+samubVdk0EkMKnigAWi4SFJGOWkqqhipBEKgnyPkbrXv0r9+gMRkgb8Tg1D4vqoy2mHYqS01DL3nHgAHcqh4yPV87z4Nrk/hufQGQ2cEbywnaRlFqyiNQ acJXZGCiBDpWV+Oe0ARz7hCjMkZdO2QuXGSCiKGUnyTiRJiHAfdUlTU458It14/EoCD7TShp1A6OIKjtXfEzHypRz6nu5MD5bTXir+5zUj1TlzY8rDSBGOJ4s6EYMqgGkusE0FwYoNNUFYUH0rxD0kEFY6vbwOwZ5+eZbUjor2SbF0UyqUL7M4cmAX7INDYINTUAbXoAKqAINH8AxewZvxZLwY78bHpHXOyGZ2wB8Ynz9hOplu</latexit>

{x 2 R3 : kxk = 1} 162 vertices 
320 triangles

Vector Graphics on Discrete SurfacesInteractive
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The Traditional Way

Parametrization maps from 2D plane to the surface

Parametrization

Unwrapping
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Discretize in 
parametric space

Drawing in 2D seams!

distortion!

Draw discretized 
primitives on mesh

The Traditional Way
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Geometric Primitives in the Euclidean setting

<latexit sha1_base64="AEelTs2N6zyvsKz9WxepIGU0Fas=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHQG42A</latexit>

P0

<latexit sha1_base64="yCgdG4kxaD8oSgT721sNP4Qt8Ao=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRn42B</latexit>

P1

<latexit sha1_base64="AEelTs2N6zyvsKz9WxepIGU0Fas=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHQG42A</latexit>

P0

P0
<latexit sha1_base64="EkprC9ga72C3CQQ4eFlLFrP7AWM="></latexit>

P1
<latexit sha1_base64="VQoXtdjf4y+NOezbKBMV1kcmRDU="></latexit>

P2
<latexit sha1_base64="WCyDzOnpCHjHtxr0wAU3T46/Cbk="></latexit>

P3
<latexit sha1_base64="6lSqEXEg6ca3Oh765Me43nGHRwU="></latexit>

<latexit sha1_base64="6oFr9tspnZy6gajEinN+VbhiHL4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahIpZEinosevEYwX5AG8Jmu2mXbjZxd1Ioob/DiwdFvPpjvPlv3LY5aPXBwOO9GWbmBYngGmz7yyqsrK6tbxQ3S1vbO7t75f2Dlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDvz22OmNI/lA0wS5kVkIHnIKQEjeVXnHE5d3z4D13f8csWu2XPgv8TJSQXlcP3yZ68f0zRiEqggWncdOwEvIwo4FWxa6qWaJYSOyIB1DZUkYtrL5kdP8YlR+jiMlSkJeK7+nMhIpPUkCkxnRGCol72Z+J/XTSG89jIukxSYpItFYSowxHiWAO5zxSiIiSGEKm5uxXRIFKFgciqZEJzll/+S1kXNuazV7+uVxk0eRxEdoWNURQ66Qg10h1zURBQ9oif0gl6tsfVsvVnvi9aClc8col+wPr4BUeKQhg==</latexit>

(1� t)P0 + tP1

<latexit sha1_base64="VVZw9ARTA3mlt9857+C4esAu7S0=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIlSkJSlF3QhFNy4r2Au0aZhMJ+3QyYWZiTSEbnwVNy4UcetjuPNtnKZZaOsPAx//OYcz53dCRoU0jG8tt7K6tr6R3yxsbe/s7un7By0RRByTJg5YwDsOEoRRnzQllYx0Qk6Q5zDSdsa3s3r7kXBBA/9BxiGxPDT0qUsxksqy9aPSpDyxjbN+9bwUl+OUrnm/autFo2KkgstgZlAEmRq2/tUbBDjyiC8xQ0J0TSOUVoK4pJiRaaEXCRIiPEZD0lXoI48IK0kPmMJT5QygG3D1fAlT9/dEgjwhYs9RnR6SI7FYm5n/1bqRdK+shPphJImP54vciEEZwFkacEA5wZLFChDmVP0V4hHiCEuVWUGFYC6evAytasW8qNTua8X6TRZHHhyDE1ACJrgEdXAHGqAJMJiCZ/AK3rQn7UV71z7mrTktmzkEf6R9/gAEvpQg</latexit>

(x� x0)
2 + (y � y0)

2 = r2

<latexit sha1_base64="AGEfCw7zSDBfs2JSOREOzZFfnwA=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4MQm7BrgtoIITaWEcwD8lhmJ5NkyMzuMnNXCEtKG3/FxkIRWz/Bzr9xkmyhiQcuHM65l3vv8ULBNdj2t5VaWV1b30hvZra2d3b3svsHdR1EirIaDUSgmh7RTHCf1YCDYM1QMSI9wRre6GbqNx6Y0jzw72Ecso4kA5/3OSVgJDd73NaRbAsuOWg35tf2pFvEFZd3i3k4q7rczebsgj0DXiZOQnIoQdXNfrV7AY0k84EKonXLsUPoxEQBp4JNMu1Is5DQERmwlqE+kUx34tkjE3xqlB7uB8qUD3im/p6IidR6LD3TKQkM9aI3Ff/zWhH0rzox98MImE/ni/qRwBDgaSq4xxWjIMaGEKq4uRXTIVGEgskuY0JwFl9eJvXzgnNRKN2VcuVKEkcaHaETlEcOukRldIuqqIYoekTP6BW9WU/Wi/VufcxbU1Yyc4j+wPr8AVCEmN8=</latexit>

3X

i=0

B3
i (t)Pi



Geodesic Distance
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<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y



Let                              be a curve on       . 

Geodesic Distance
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<latexit sha1_base64="Gmt6TgrADFWhjhNURUjUfEG1bG4=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgupCRSVFwV3bgRKtgHNKHcTCft0JkkzEyUEvoBbvwVNy4UcesHuPNvnLRZaOuBgcM55zL3Hj/mTGnb/rYWFpeWV1YLa8X1jc2t7dLOblNFiSS0QSIeybYPinIW0oZmmtN2LCkIn9OWP7zK/NY9lYpF4Z0exdQT0A9ZwAhoI3VLZbcPQsBFB459z5WsP9AgZfSAXQF6QICnN2OTsiv2BHieODkpoxz1bunL7UUkETTUhINSHceOtZeC1IxwOi66iaIxkCH0acfQEARVXjo5ZowPjdLDQSTNCzWeqL8nUhBKjYRvktmKatbLxP+8TqKDcy9lYZxoGpLpR0HCsY5w1gzuMUmJ5iNDgEhmdsVkABKINv0VTQnO7MnzpHlScU4r1dtquXaZ11FA++gAHSEHnaEaukZ11EAEPaJn9IrerCfrxXq3PqbRBSuf2UN/YH3+AO+Km5I=</latexit>

� : [a, b] ! M

<latexit sha1_base64="bcAx57gnwsolxAlnpsD8NLXCy/0=">AAACHnicbVDLSgMxFM34rPVVdelmsAh1U2bE10YQ3bhwUcGq0KnDnTStwSQzJHeEMs6XuPFX3LhQRHClf2PazsLXgcC559yb5J4oEdyg5306Y+MTk1PTpZny7Nz8wmJlafncxKmmrEljEevLCAwTXLEmchTsMtEMZCTYRXRzNPAvbpk2PFZn2E9YW0JP8S6ngFYKK9sntaAHUsLGfsAVhhnkV1FwF3RizEZGXsON4C4sKlvkHQwrVa/uDeH+JX5BqqRAI6y82xtpKplCKsCYlu8l2M5AI6eC5eUgNSwBegM91rJUgWSmnQ3Xy911q3TcbqztUegO1e8TGUhj+jKynRLw2vz2BuJ/XivF7l474ypJkSk6eqibChdjd5CV2+GaURR9S4Bqbv/q0mvQQNEmWrYh+L9X/kvON+v+Tn3rdKt6cFjEUSKrZI3UiE92yQE5Jg3SJJTck0fyTF6cB+fJeXXeRq1jTjGzQn7A+fgCthCi4A==</latexit>

L(�) =

Z b

a
k�̇(t)k�(t)dt

<latexit sha1_base64="4Xh8qZo+3jX/hvMQ2ygZeBvb1hg="></latexit>

d(x, y) = inf{L(�) : � 2 Cxy}

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
Then its length is defined as

The geodesic distance between two points on       can be defined as           
<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M



Geodesic Distance
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<latexit sha1_base64="4bvkmu/IH/sT8MbMciSPE0teDLs="></latexit>

dx : M ! R
y 7! d(x, y)

<latexit sha1_base64="4Xh8qZo+3jX/hvMQ2ygZeBvb1hg="></latexit>

d(x, y) = inf{L(�) : � 2 Cxy}

The geodesic distance between two points on       can be defined as           
<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

We will often consider the geodesic distance field 



If a curve                             realizes the distance between two  
points, then     is called a geodesic.

Geodesics
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<latexit sha1_base64="Gmt6TgrADFWhjhNURUjUfEG1bG4=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgupCRSVFwV3bgRKtgHNKHcTCft0JkkzEyUEvoBbvwVNy4UcesHuPNvnLRZaOuBgcM55zL3Hj/mTGnb/rYWFpeWV1YLa8X1jc2t7dLOblNFiSS0QSIeybYPinIW0oZmmtN2LCkIn9OWP7zK/NY9lYpF4Z0exdQT0A9ZwAhoI3VLZbcPQsBFB459z5WsP9AgZfSAXQF6QICnN2OTsiv2BHieODkpoxz1bunL7UUkETTUhINSHceOtZeC1IxwOi66iaIxkCH0acfQEARVXjo5ZowPjdLDQSTNCzWeqL8nUhBKjYRvktmKatbLxP+8TqKDcy9lYZxoGpLpR0HCsY5w1gzuMUmJ5iNDgEhmdsVkABKINv0VTQnO7MnzpHlScU4r1dtquXaZ11FA++gAHSEHnaEaukZ11EAEPaJn9IrerCfrxXq3PqbRBSuf2UN/YH3+AO+Km5I=</latexit>

� : [a, b] ! M
<latexit sha1_base64="OS+C4kdAxX3zdi8MmA3cw7aHJp8=">AAACE3icbVDNSsNAGNzUv1r/qh69BIvgQUpSinqsevFYwf5AE8pm87Vdu7sJu5tKCXkHLx70VbyJVx/AN/FoUqvY1oEPhpn5YBgvZFRpy/owckvLK6tr+fXCxubW9k5xd6+pgkgSaJCABbLtYQWMCmhoqhm0QwmYewxa3vAq81sjkIoG4laPQ3A57gvaowTrVGo6fcw57hZLVtmawFwk9pSU0BT1bvHT8QMScRCaMKxUx7ZC7cZYakoYJAUnUhBiMsR96KRUYA7KjSdtE/MoVXyzF8j0hDYn6t+PGHOlxtxLkxzrgZr3MvE/rxPp3rkbUxFGGgSZbSEjBv6JOcp28tOmrB9Iqge8AolZcCQIuCdBOoXwY+fXJL2seRJf/AhJIZ3Knh9mkTQrZfu0XL2plmqX09Hy6AAdomNkozNUQ9eojhqIoDv0gJ7Qs/FovBivxtt3NGdMf/bRDIz3L6crn9k=</latexit>�

Geodesics have null (geodesic) curvature. 
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Geodesic distance field

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="4bvkmu/IH/sT8MbMciSPE0teDLs="></latexit>

dx : M ! R
y 7! d(x, y)



Moving to the manifold setting

<latexit sha1_base64="AEelTs2N6zyvsKz9WxepIGU0Fas=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHQG42A</latexit>

P0

<latexit sha1_base64="yCgdG4kxaD8oSgT721sNP4Qt8Ao=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRn42B</latexit>

P1

<latexit sha1_base64="AEelTs2N6zyvsKz9WxepIGU0Fas=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHQG42A</latexit>

P0

P0
<latexit sha1_base64="EkprC9ga72C3CQQ4eFlLFrP7AWM="></latexit>

P1
<latexit sha1_base64="VQoXtdjf4y+NOezbKBMV1kcmRDU="></latexit>

P2
<latexit sha1_base64="WCyDzOnpCHjHtxr0wAU3T46/Cbk="></latexit>

P3
<latexit sha1_base64="6lSqEXEg6ca3Oh765Me43nGHRwU="></latexit>
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Geodesic

Moving to the manifold setting

Straight line

Circle

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="oc4RQ0b7ff0VCQ9MbjwAE3K78k0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRa1GXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd25qDfuGrXmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7pSRoA==</latexit>

R3

Geodesic circle 

<latexit sha1_base64="AEelTs2N6zyvsKz9WxepIGU0Fas=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHQG42A</latexit>

P0

<latexit sha1_base64="yCgdG4kxaD8oSgT721sNP4Qt8Ao=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHRn42B</latexit>

P1

<latexit sha1_base64="AEelTs2N6zyvsKz9WxepIGU0Fas=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0bf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHQG42A</latexit>

P0
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Moving to the manifold setting
<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="oc4RQ0b7ff0VCQ9MbjwAE3K78k0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRa1GXRjcsq9gFNLJPppB06mYSZiVBCfsONC0Xc+jPu/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3OR+94lKxSLxoKcx9UI8EixgBGsjuW6I9dj30/vs8XxQrdl1ewa0TJyC1KBAa1D9cocRSUIqNOFYqb5jx9pLsdSMcJpV3ETRGJMJHtG+oQKHVHnpLHOGTowyREEkzRMazdTfGykOlZqGvpnMM6pFLxf/8/qJDq68lIk40VSQ+aEg4UhHKC8ADZmkRPOpIZhIZrIiMsYSE21qqpgSnMUvL5POWd25qDfuGrXmdVFHGY7gGE7BgUtowi20oA0EYniGV3izEuvFerc+5qMlq9g5hD+wPn8A7pSRoA==</latexit>

R3

Shortest path

<latexit sha1_base64="9IWbXKlm0fNR0Hk+XZexPjWz7EI=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/YLiWbzbah2WRJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8IOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbCmnAnaNMxw2kkUxXHAaTsY3Uz99iNVmklxb8YJ9WM8ECxiBBsrPYT9p0qPhNKc9Utlt+rOgJaJl5My5Gj0S1+9UJI0psIQjrXuem 5i/Awrwwink2Iv1TTBZIQHtGupwDHVfja7eIJOrRKiSCpbwqCZ+nsiw7HW4ziwnTE2Q73oTcX/vG5qois/YyJJDRVkvihKOTISTd9HIVOUGD62BBPF7K2IDLHCxNiQijYEb/HlZdI6r3oX1dpdrVy/zuMowDGcQAU8uIQ63EIDmkBAwDO8wpujnRfn3fmYt644+cwR/IHz+QP5v5B5</latexit>

dx(·)

<latexit sha1_base64="ASjT2Yz2xOq/AqQ2C1DRg1v6y+8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6f7jNo=</latexit>

M
(discretization of       )

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

GeodesicStraight line

Circle Geodesic circle 
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<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

[Mitchell et al., 1987]

Geodesic distance field
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[Mitchell et al., 1987; Chen and 
Han, 1990; Surazhsky et al., 
2005; Xin and Wang, 2007; Xu 
et al., 2015; Qin et al., 2016]

Exact polyhedral methods

Geodesic distance field

[Kimmel and Sethian, 1998; 
Crane et al. 2013]

PDE-based methods
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[Lanthier, 1997; Mata and Mitchell, 1997; Aleksandrov et al., 2000;  Aleksandrov et 
al., 2005; Ying et al., 2013; Wang et al., 2017]

Graph-based methods

Geodesic distance field
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[Wan, 2004; Martínez et al., 2005; Xin et al., 2007; Sharp and Crane, 2020]

Local methods

Q

P

(a) (b) (c)

(f)(e)(d)

P P

P P

P

Q

v

Q Q

QQ

Shortest paths tracing
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[Mancinelli et al., 2022]

Shortest paths

Q

P

(a) (b) (c)

(f)(e)(d)

P P

P P

P

Q

v

Q Q

QQ

Geodesic queries on triangle mesh
Geodesic distance fields

[Nazzaro et al., 2022]

For more details see 
[Crane et al., 2020]
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[Mancinelli et al., 2022]

Shortest paths

Q

P

(a) (b) (c)

(f)(e)(d)

P P

P P

P

Q

v

Q Q

QQ

Geodesic queries on triangle mesh

Geodesic distance fields
[Nazzaro et al., 2022]

Straightest paths
[Polthier and Schmies, 1998]

For more details see 
[Crane et al., 2020]
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Geodesic queries on triangle mesh
1M triangles

k=1.5
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Geodesic queries on triangle mesh
200k triangles

k=4



• Straightedge: can be positioned between 
any two points and extended indefinitely 
in both directions 

• Compass: can trace circles of any radius by 
starting with its needle and pencil points 
at two given points in the plane 

26

Straightedge and compass constructions
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Vector Graphics on Surfaces

The exponential map “shoots” 
geodesics from a given point

The logarithmic map returns  
the direction of the geodesic “you need  
to shoot”

Vector space of dimension 2

Preliminaries
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How do we port straightedge and compass constructions on surface?

Draw on the tangent space and 
map the result to the surface Draw directly on the surface 

Straightedge and compass constructions
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Vector Graphics on Surfaces

How do we port straightedge and compass constructions on surface?

Draw on the tangent space and 
map the result to the surface Draw directly on the surface 
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Vector Graphics on Surfaces
Tangent Space Constructions
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Vector Graphics on Surfaces
Tangent Space Constructions

p1
<latexit sha1_base64="NBl44HBSVH2DUufjqsG0wKzP51U="></latexit> p1

<latexit sha1_base64="NBl44HBSVH2DUufjqsG0wKzP51U="></latexit>

p2
<latexit sha1_base64="+zv6h7Rs1LXcvnWAHoEsz94piEk="></latexit> p2

<latexit sha1_base64="+zv6h7Rs1LXcvnWAHoEsz94piEk="></latexit>

p3
<latexit sha1_base64="zOOsa5pteG1y1+ZQlQHKNRB2hY0="></latexit>

p3
<latexit sha1_base64="zOOsa5pteG1y1+ZQlQHKNRB2hY0="></latexit>

p4
<latexit sha1_base64="CYfb3eZVtEExEUR9K4i8F1n9FAo="></latexit>

p4
<latexit sha1_base64="CYfb3eZVtEExEUR9K4i8F1n9FAo="></latexit>
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Vector Graphics on Surfaces

How do we port straightedge and compass constructions on surface?

Draw on the tangent space and 
map the result to the surface Draw directly on the surface 
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1. Creating the line through two existing points 

2. Creating the circle through one point with center another point 

3. Creating the point which is the intersection of two non existing, non parallel lines 

4. Creating the one or two points in the intersection of a line and a circle 

5. Creating the one or two points in the intersection of two circles

p
<latexit sha1_base64="m4TYvLHoqU2NgDW4CIRjEc0Lmrk="></latexit>

q
<latexit sha1_base64="iYsstCo2UyjbonOxAofwkaLQIHc="></latexit>

�pq
<latexit sha1_base64="qxotY3ftq6QunESH2LzMAKiFhxs="></latexit>

�
<latexit sha1_base64="wqYrlHDX1O3cfCb4IBLB5pR4peY="></latexit>

�0
<latexit sha1_base64="f9e3Esu8MZ4ndF63mAM/RB8O0CY="></latexit>

p
<latexit sha1_base64="m4TYvLHoqU2NgDW4CIRjEc0Lmrk="></latexit>

p
<latexit sha1_base64="m4TYvLHoqU2NgDW4CIRjEc0Lmrk="></latexit>

q
<latexit sha1_base64="iYsstCo2UyjbonOxAofwkaLQIHc="></latexit> �

<latexit sha1_base64="wqYrlHDX1O3cfCb4IBLB5pR4peY="></latexit>

p
<latexit sha1_base64="m4TYvLHoqU2NgDW4CIRjEc0Lmrk="></latexit>

q0
<latexit sha1_base64="9JrtAMQG/0JrIVaeH2sAaVglnAQ="></latexit>

q1
<latexit sha1_base64="fH1/aqJta9EtsAOW35wDS8s41hc="></latexit>

q0
<latexit sha1_base64="9JrtAMQG/0JrIVaeH2sAaVglnAQ="></latexit>

q1
<latexit sha1_base64="fH1/aqJta9EtsAOW35wDS8s41hc="></latexit>

p0
<latexit sha1_base64="o2cB2AUs4wvcUP7pyISHerc1feg="></latexit>

p1
<latexit sha1_base64="NBl44HBSVH2DUufjqsG0wKzP51U="></latexit>

1. 2. 3. 4. 5.

D(p, q)
<latexit sha1_base64="JbyI8ME2DX87Hx94r34LSAUTmOY="></latexit>

D(p, q0)
<latexit sha1_base64="BCODDDZFihFBpLr9sHzDy5em8rw="></latexit>

D(p0, q0)
<latexit sha1_base64="MynrlXZWnoqAARrBQcSKdb+i2iA="></latexit>

D(p1, q1)
<latexit sha1_base64="ndSIdQHk6ATohGaIc5Iq2eNYJ3s="></latexit>

Straightedge and compass constructions
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Straightedge and compass constructions
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Straightedge and compass constructions
i) the perpendicular bisector is a straight line 

ii)       is the midpoint of the segment 

iii) the bisector is orthogonal to the segment 

iv) all the points on the bisector have the same distance from       and   a
<latexit sha1_base64="QppE0DdS+mKrceZQr2QPS57rA3Q="></latexit>

b
<latexit sha1_base64="rykCxmYp6f+ZEIoTHkBYwAiV+CA="></latexit>

x
<latexit sha1_base64="KwAHQNypQXwwlg5JLtWlif5wjn8="></latexit>

a
<latexit sha1_base64="QppE0DdS+mKrceZQr2QPS57rA3Q="></latexit> b

<latexit sha1_base64="rykCxmYp6f+ZEIoTHkBYwAiV+CA="></latexit>

c
<latexit sha1_base64="yJ+RaIIzE8reoRTwg21hnGXLsEM="></latexit>

d
<latexit sha1_base64="Dx5O3vZSyZuXPHMIbzFVzX23qlI="></latexit>

x
<latexit sha1_base64="KwAHQNypQXwwlg5JLtWlif5wjn8="></latexit>

i)      ii)       iii)      iv)

a
<latexit sha1_base64="QppE0DdS+mKrceZQr2QPS57rA3Q="></latexit> b

<latexit sha1_base64="rykCxmYp6f+ZEIoTHkBYwAiV+CA="></latexit>

x
<latexit sha1_base64="KwAHQNypQXwwlg5JLtWlif5wjn8="></latexit>

i)      ii)       iii)      iv)

a
<latexit sha1_base64="QppE0DdS+mKrceZQr2QPS57rA3Q="></latexit>

x
<latexit sha1_base64="KwAHQNypQXwwlg5JLtWlif5wjn8="></latexit> b

<latexit sha1_base64="rykCxmYp6f+ZEIoTHkBYwAiV+CA="></latexit>

i)       ii)       iii)       iv)

a

b
c

d

x
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a
b

c

d

a

b

c

d

!
!'

a

b

c

d

!
!'

!"

Straightedge and compass constructions
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Weighted Averages (Bernstein)

t 2 [0, 1]
<latexit sha1_base64="jr467ZA3derD5Fel9CfL7SJjJFQ="></latexit>

bk(t) =
kX

i=0

Bk
i (t)Pi

<latexit sha1_base64="pbOGtTanMeVjZ+ZJ3476lEiQlwA="></latexit>

de Casteljau (recursive algortihm)

Bézier Curves

<latexit sha1_base64="ZIR+NJ6jl8Om9/eK7CppvJgj41o=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyWRom6EohuXFewD2hom00k7dDIJMzdCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cM8ePBdfgON/W0vLK6tp6YaO4ubW9s2vv7Td1lCjKGjQSkWr7RDPBJWsAB8HasWIk9AVr+aObzG89MqV5JO9hHLNeSAaSB5wSMJJnH3ZDAkM/SP2Jxx+cMpxe1T3u2SWn4kyBF4mbkxLKUffsr24/oknIJFBBtO64Tgy9lCjgVLBJsZtoFhM6IgPWMVSSkOleOo0/wSdG6eMgUuZJwFP190ZKQq3HoW8ms7B63svE/7xOAsFlL+UyToBJOjsUJAJDhLMucJ8rRkGMDSFUcZMV0yFRhIJprGhKcOe/vEiaZxX3vFK9q5Zq13kdBXSEjlEZuegC1dAtqqMGoihFz+gVvVlP1ov1bn3MRpesfOcA/YH1+QNjTZUe</latexit>

b0
i (t) = Pi

<latexit sha1_base64="fjEVbqC9j6HWJ2qOBWFsk+QPx50=">AAACMHicbZDLSsNAFIYn9VbrrerSTbAILaUlkaJuhKILXVawF2hjmUwn7dDJhZkToYQ8khsfRTcKirj1KZy0RXrxwMDP95/DnPPbAWcSDONdS62srq1vpDczW9s7u3vZ/YOG9ENBaJ343BctG0vKmUfrwIDTViAodm1Om/bwOvGbj1RI5nv3MAqo5eK+xxxGMCjUzd50XAwD24nsuMseRB4Kl3mzBIU5HImSGSurCDM4YkUz/rO62ZxRNsalLwtzKnJoWrVu9qXT80noUg8Ix1K2TSMAK8ICGOE0znRCSQNMhrhP20p62KXSisYHx/qJIj3d8YV6HuhjOjsRYVfKkWurzmRhuegl8D+vHYJzYUXMC0KgHpl85IRcB19P0tN7TFACfKQEJoKpXXUywAITUBlnVAjm4snLonFaNs/KlbtKrno1jSONjtAxyiMTnaMqukU1VEcEPaFX9IE+tWftTfvSvietKW06c4jmSvv5BSNOqQg=</latexit>

br
i (t) = (1� t)br�1

i (t) + tbr�1
i+1 (t)

b1
0(t)

<latexit sha1_base64="YxrTEI/JHUG1mPRK5e/5TkTxvAE="></latexit>

b1
1(t)

<latexit sha1_base64="Vrw6YKSA4HDnMap7nkfFqxj769k="></latexit>

b1
2(t)

<latexit sha1_base64="LPvCB/3ZvW94EcuG/luGaxS68ok="></latexit>

b2
0(t)

<latexit sha1_base64="raymCYo/t1sZZe9lvDarfDW1QIk="></latexit>

b2
1(t)

<latexit sha1_base64="dkL6iDa7eRG/gval2e3aRGEF6yc="></latexit>

b(t)
<latexit sha1_base64="YhxbIsxHl0jSA3wfP02RoOvlw0U="></latexit>

P0
<latexit sha1_base64="EkprC9ga72C3CQQ4eFlLFrP7AWM="></latexit>

P1
<latexit sha1_base64="VQoXtdjf4y+NOezbKBMV1kcmRDU="></latexit>

P2
<latexit sha1_base64="WCyDzOnpCHjHtxr0wAU3T46/Cbk="></latexit>

P3
<latexit sha1_base64="6lSqEXEg6ca3Oh765Me43nGHRwU="></latexit>

37
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Bézier Curves
Weighted Averages (Bernstein)

t 2 [0, 1]
<latexit sha1_base64="jr467ZA3derD5Fel9CfL7SJjJFQ="></latexit>

bk(t) =
kX

i=0

Bk
i (t)Pi

<latexit sha1_base64="pbOGtTanMeVjZ+ZJ3476lEiQlwA="></latexit>

Euclidean setting

bk(t) = argmin
P2M

kX

i=0

Bk
i (t)d

2(P, Pi)
<latexit sha1_base64="jO0+s1a8MPu8eMgVo2OARgUjE5o="></latexit>

Manifold setting
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Excursus: gradient of a scalar field
<latexit sha1_base64="UKY0Vz/awLxemE2mkH1oID9hBH8=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBBelzJSiboSiG5cV7AU6w5BJM21oJhmSjFCGuvFV3LhQxK1v4c63MW1noa0/BD7+cw4n5w8TRpV2nG+rsLK6tr5R3Cxtbe/s7tn7B20lUolJCwsmZDdEijDKSUtTzUg3kQTFISOdcHQzrXceiFRU8Hs9TogfowGnEcVIGyuwj6IrL4sCtxIFtYrH+kIrg9ybBHbZqTozwWVwcyiDXM3A/vL6Aqcx4RozpFTPdRLtZ0hqihmZlLxUkQThERqQnkGOYqL8bHbBBJ4apw8jIc3jGs7c3xMZipUax6HpjJEeqsXa1Pyv1kt1dOlnlCepJhzPF0Upg1rAaRywTyXBmo0NICyp+SvEQyQR1ia0kgnBXTx5Gdq1qnterd/Vy43rPI4iOAYn4Ay44AI0wC1oghbA4BE8g1fwZj1ZL9a79TFvLVj5zCH4I+vzBzRSlh0=</latexit>

f = {f1, f2, . . . , fn}
<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj

<latexit sha1_base64="ujH/sypijX6iEIYA6TvhqnB//ig=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47g36pUrbtWdg6wSLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjk01I3NTyhbEQHvGOpohE3fjY/dUrOrNInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdjeo3h</latexit>vk

<latexit sha1_base64="9u854oRzj5UQz7DU7HFTYCFseGQ=">AAACWnicbVFdS9xAFJ3E1o+1rav2rS9Dl0KflqQs6ovgx4uPFlwVdpZwM5no4GQyztyIS8if9EUE/0qhk90IVXth4HDOudx7z6RGSYdR9BSESx8+Lq+srvXWP33+stHf3Dp3ZWW5GPNSlfYyBSeU1GKMEpW4NFZAkSpxkd4ct/rFnbBOlvoMZ0ZMC7jSMpcc0FNJ/5ZpSBXQPEHKwBhb3lOWW+B13NSHCTZMakwWqHPSjBWA12 leQ7P/yksXZmbAogRFWy6nL27dZEwolfQH0TCaF30P4g4MSFenSf+BZSWvCqGRK3BuEkcGp3U7gyvR9FjlhAF+A1di4qGGQrhpPY+moT88k9G8tP5ppHP2344aCudmReqd7ZrurdaS/9MmFeZ701pqU6HQfDEorxTFkrY500xawVHNPABupd+V8mvwYaH/jZ4PIX578ntw/msY7wxHv0eDg6MujlXyjXwnP0lMdskBOSGnZEw4eSR/guVgJXgOw3AtXF9Yw6Dr2SavKvz6F48itpM=</latexit>

rft ⇡
1

At

Z

At

rfda =
1

At

Z

@At

fnd`

<latexit sha1_base64="8SYLKy//TpSjzVVJz/r7WLmZLcg=">AAACRXicbZBLSwMxFIUzvq2vqks3wSK0SMuMiLoRfGxcKlgtdGrIpBmNzWSG5E6hDPPn3Lh35z9w40IRt5rWLrT1QuBwzrkk+YJECgOu++xMTE5Nz8zOzRcWFpeWV4qra1cmTjXjdRbLWDcCargUitdBgOSNRHMaBZJfB53Tfn7d5dqIWF1CL+GtiN4qEQpGwVqk6PuKBpLikAA+xOWQ3FdDIip+qCnLyl0iql3SqdxkfhBDnm c7+JhAvm17nb+9e9sToz1SLLk1dzB4XHhDUULDOSfFJ78dszTiCpikxjQ9N4FWRjUIJnle8FPDE8o69JY3rVQ04qaVDSjkeMs6bRzG2h4FeOD+3shoZEwvCmwzonBnRrO++V/WTCE8aGVCJSlwxX4uClOJIcZ9pLgtNGcge1ZQpoV9K2Z31IIBC75gIXijXx4XVzs1b6+2e7FbOjoZ4phDG2gTlZGH9tEROkPnqI4YekAv6A29O4/Oq/PhfP5UJ5zhzjr6M87XN/8zsN8=</latexit>

rft = (fj � fi)
(vi � vk)?

2At
+ (fk � fi)

(vj � vi)?

2At
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Excursus: gradient of a scalar field
<latexit sha1_base64="uQw2pU4r6AsRb7xks/RAQxQvrAc="></latexit>

rfi =
1P

tj2N (vi)
Atj

X

tj2N (vi)

AtjPtj ,vi(rftj )

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="Xkn8UKcnGTpNom7ebQ7sqG3iPpM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS1GXRjSupYB/QhjCZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt7W2vrG5tV3aKe/u7R8c2kfHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E47vc70yoVCwWT3qaUC/CQ8FCRrA2km/b/QjrEcE8e5hVJz678O2KU3PmQKvELUgFCjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTWbmfKppgMsZD2jNU4IgqL5snn6FzowxQGEvzhEZz9fdGhiOlplFgJvOcatnLxf+8XqrDGy9jIkk1FWRxKEw50jHKa0ADJinRfGoIJpKZrIiMsMREm7LKpgR3+curpH1Zc69q9cd6pXFb1FGCUziDKrhwDQ24hya0gMAEnuEV3qzMerHerY/F6JpV7JzAH1ifPy5Kk18=</latexit>

N (vi)
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Excursus: Hessian of a scalar field
<latexit sha1_base64="xxezR7v9xtjf9m5nolgMCUsgPeM=">AAACHnicbVDNSsNAGNzUv1r/qh4VCRbBg5REREUQql48KtgfaErYbL60S3c3YXejSMjRp/DiQd/BJ/AmXvUZfAGPprWKrQ58MMzMB8N4EaNKW9abkRsbn5icyk8XZmbn5heKi0s1FcaSQJWELJQNDytgVEBVU82gEUnA3GNQ97onPb9+CVLRUFzo6whaHLcFDSjBOpPc4kLNpQeHjsAew2bgUrdYsspWH+ZfYg9IqbL6eP5+s/ Z45hY/HD8kMQehCcNKNW0r0q0ES00Jg7TgxAoiTLq4Dc2MCsxBtZJ+8dTcyBTfDEKZndBmX/39kWCu1DX3siTHuqNGvZ74n9eMdbDfSqiIYg2CDLeQMQN/y7zsTeZnTVk7lFR3+DakZsGRIOCKhJxj4SfOj0mCXvM0OfoW0kI2lT06zF9S2y7bu+Wd82yzY/SFPFpB62gT2WgPVdApOkNVRFCMbtE9ejDujCfj2Xj5iuaMwc8yGoLx+gnN96bp</latexit>

Vi := rfi

<latexit sha1_base64="AQ6/W4rqiFoGsRebWiOuxPhUzVY=">AAACPnicbZBPSxtBGMZnU+uf2Opaj14WrRCxxl0RK0JB20uPFpoYyC7L7OybZMzM7DIzmyLLfgy/Si9ehNYP0S/gTXqqeHQ2saKJLww8/J73hWeeKGVUadf9Y1VeTb2enpmdq86/ebuwaC+9a6okkwQaJGGJbEVYAaMCGppqBq1UAuYRg5Oo/6X0TwYgFU3Ed32WQsBxV9AOJVgbFNrbrVAffKp5Wz5maQ9v+RFovNEMqbM5Ik 4zPDW6xEb2Q3vNrbvDcSaF9yDWDt//+/lrMH97HNp3fpyQjIPQhGGl2p6b6iDHUlPCoKj6mYIUkz7uQttIgTmoIB9+rHDWDYmdTiLNE9oZ0qcXOeZKnfHIbHKse2rcK+FLXjvTnf0gpyLNNAjyPIXMGMQfnEFZaWySsm4iqe7xHSicqi9BwA+ScI5FnPuPJumUyYv86D8oqqYqb7yYSdHcqXt79d1vprPPaDSzaAWtohry0Ed0iL6iY9RABJ2jC/QbXVmX1rV1Y/0drVash5tl9Gysu3uIirLv</latexit>

Xt := (1� ↵� �)Vi + ↵Vj + �Vk

<latexit sha1_base64="bobisf/2fAhH0zf5R5iZrFW2Plc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1buqXj5cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgco3f</latexit>vi

<latexit sha1_base64="VOhLg4N3zYw89jsqcKBXsocPz1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdZmFkdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+c8S1EbF6xHHC/Yj2lQgFo2ilh1H3qVssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz2J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AYfaN4A==</latexit>vj

<latexit sha1_base64="ujH/sypijX6iEIYA6TvhqnB//ig=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47g36pUrbtWdg6wSLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjk01I3NTyhbEQHvGOpohE3fjY/dUrOrNInYaxtKSRz9fdERiNjJlFgOyOKQ7PszcT/vE6K4Y2fCZWkyBVbLApTSTAms79JX2jOUE4soUwLeythQ6opQ5tOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdjeo3h</latexit>vk

<latexit sha1_base64="QK8m9RCGhDP+HjJ1SDjKPx3wcX8="></latexit>

Hessft = J(Xt)
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Solving an optimization problem on a triangle mesh
<latexit sha1_base64="SNRZPcpXTRdrO/8Ku7AXk1XQ+Cs=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUpSiopQKLpxWcG0hT7CZDpth84kYWaiLaHf4MZfceNCEbeu3Pk3TtsstPXAhcM593LvPV7IqFSW9W2kVlbX1jfSm5mt7Z3dPXP/oCaDSGDi4IAFouEhSRj1iaOoYqQRCoK4x0jdG15P/fo9EZIG/p0ah6TNUd+nPYqR0pJr5p3cKH9ZbsmIwxajnCrpxrRsTTpD+OBS2O0Uc6PTqkvzrpm1CtYMcJnYCcmCBFXX/Gp1Axxx4ivMkJRN2wpVO0ZCUczIJNOKJAkRHqI+aWrqI05kO569NIEnWunCXiB0+QrO1N8TMeJSjrmnOzlSA7noTcX/vGakehftmPphpIiP54t6EYMqgNN8YJcKghUba4KwoPpWiAdIIKx0ihkdgr348jKpFQv2WaF0W8pWrpI40uAIHIMcsME5qIAbUAUOwOARPINX8GY8GS/Gu/Exb00Zycwh+APj8wd4aJwY</latexit>

U(x) :=
kX

i=0

wid
2(x, Pi)

<latexit sha1_base64="jO4UMCmW6GUsCSeE5SJNxbiNR+Q=">AAAB9XicbVA9TwJBEJ3zE/ELtbTZSEywIXeGqI0J0cYSEw9IAMncssCGvb3L7p5KCP/DxkJjbP0vdv4bF7hCwZdM8vLeTGbmBbHg2rjut7O0vLK6tp7ZyG5ube/s5vb2qzpKFGU+jUSk6gFqJrhkvuFGsHqsGIaBYLVgcD3xaw9MaR7JOzOMWSvEnuRdTtFY6b4pMRBI/MLTCbl027m8W3SnIIvES0keUlTaua9mJ6JJyKShArVueG5sWiNUhlPBxtlmolmMdIA91rBUYsh0azS9ekyOrdIh3UjZkoZM1d8TIwy1HoaB7QzR9PW8NxH/8xqJ6V60RlzGiWGSzhZ1E0FMRCYRkA5XjBoxtASp4vZWQvuokBobVNaG4M2/vEiqp0XvrFi6LeXLV2kcGTiEIyiAB+dQhhuogA8UFDzDK7w5j86L8+58zFqXnHTmAP7A+fwBeyiRNA==</latexit>

rU(x) = 0

<latexit sha1_base64="AE036V1t1C+B/1jJZj7DDOOczoI="></latexit>

Algorithm 1: Computation of the RCM with Newton’s algorithm

Input: Mesh M , Control points Pi, Weights wi, Warm start Q
Output: Riemannian center of mass P̄
if Q 6=NONE then

P̄  Q
else

k  argmax wi

P̄  Pk

while krU(P̄ )k > " do

solve the Newton equation HessU(P̄ )s = �rU(P̄ )

�  trace geodesic(P̄ , s)
P̄  argminP2�rU(P )

return P̄
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Rational Bézier 
NURBS

[Ramantantoanina 
and Hormann, 2021]



44

Limitations

We need convexity!!
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We define the manifold average operator between two points as 

A : M ⇥M ⇥ [0, 1] �! M ; (P,Q;w) 7! �P,Q(w)
<latexit sha1_base64="d9FBAO1gPLS2WWGgF9DYPYHlWdw="></latexit>

Bézier Curves
de Casteljau on Manifolds

[Park and Ravani, 1995]

<latexit sha1_base64="ZIR+NJ6jl8Om9/eK7CppvJgj41o=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyWRom6EohuXFewD2hom00k7dDIJMzdCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cM8ePBdfgON/W0vLK6tp6YaO4ubW9s2vv7Td1lCjKGjQSkWr7RDPBJWsAB8HasWIk9AVr+aObzG89MqV5JO9hHLNeSAaSB5wSMJJnH3ZDAkM/SP2Jxx+cMpxe1T3u2SWn4kyBF4mbkxLKUffsr24/oknIJFBBtO64Tgy9lCjgVLBJsZtoFhM6IgPWMVSSkOleOo0/wSdG6eMgUuZJwFP190ZKQq3HoW8ms7B63svE/7xOAsFlL+UyToBJOjsUJAJDhLMucJ8rRkGMDSFUcZMV0yFRhIJprGhKcOe/vEiaZxX3vFK9q5Zq13kdBXSEjlEZuegC1dAtqqMGoihFz+gVvVlP1ov1bn3MRpesfOcA/YH1+QNjTZUe</latexit>

b0
i (t) = Pi

<latexit sha1_base64="JiUOcD7umYZn3icLu9/XIoj8c/c="></latexit>

br
i (t) = A(br�1

i (t),br�1
i+1 (t), t)

Always well defined except at the cut locus
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Bézier Curves
Subdivision Schemes

• Recursive de Casteljau (RDC) [Morera et al., 2008] 

• Open Lane-Riesenfield (OLR) [Mancinelli et al., 2022]

Approaches based on subdivision schemes can be used to solve the problem of  
broken curves (no free lunch!)
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Bézier Curves
Subdivision Schemes

• Recursive de Casteljau (RDC) [Morera et al., 2008] 

• Open Lane-Riesenfield (OLR) [Mancinelli et al., 2022]

Approaches based on subdivision schemes can be used to solve the problem of  
broken curves (no free lunch!)
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Bézier Curves
RDC

P0
<latexit sha1_base64="DmyI5jIl/o2Qe+ONBU9XkPhN8LQ="></latexit>

P3
<latexit sha1_base64="p4pDNsB++nB0bU+IbNzJvIw06jA="></latexit>

P1
<latexit sha1_base64="VQoXtdjf4y+NOezbKBMV1kcmRDU="></latexit>

P2
<latexit sha1_base64="WCyDzOnpCHjHtxr0wAU3T46/Cbk="></latexit>

b1
0

<latexit sha1_base64="kRYkiFCeoIEFlyFin7B/+0zBEuU="></latexit>

b
<latexit sha1_base64="g4Cka2xt9qpAHxE1hEOvkIyPwMQ="></latexit>

b2
0

<latexit sha1_base64="uVhvrwNUFzL2qBuP07bdnUqi2b0="></latexit>

b1
1

<latexit sha1_base64="VyRlp3svealJEIEX7m1aM3wyiDE="></latexit>

b2
1

<latexit sha1_base64="rOgSCXjq4cdQJJHeWH7y+PiJkjo="></latexit>

b1
2

<latexit sha1_base64="48hzb+AznY96mcFqciOBrOA3jW8="></latexit>

At each iteration, we split every control polygon  
into two sub-polygons using de Casteljau’s algorithm.

        Converges to a       curve  
[Noakes, 1998; Mancinelli et al., 2022]

<latexit sha1_base64="9Xr5nGUpONDFjeibT1uT91Q+ccY=">AAACGnicbVDNSsNAGNz4b/yrevQSLIIHKYmIehGrXjxWsFpoomw2X+vS3U3c3VRKyHN48aD4Jl5EvArim3g0aavY6sAHw8x8MIwfMaq0bX8YI6Nj4xOTU9PmzOzc/EJhcelMhbEkUCUhC2XNxwoYFVDVVDOoRRIw9xmc+62j3D9vg1Q0FKe6E4HHcVPQBiVYZ5LncqyvCGbJUXrhXBaKdsnuwvpLnD4p7j+be9Hju1m5LHy6QUhiDkIThpWqO3akvQRLTQmD1HRjBREmLdyEekYF5qC8pFs6tdYyJbAaocxOaKur/v5IMFeqw/0smZdUw14u/ufVY93Y9RIqoliDIIMtZMwg2LDa+VxB1pQ1Q0n1Fd+E1DJdCQJuSMg5FkHi/pikkTdPk4NvITWzqZzhYf6Ss82Ss13aOrGL5UPUwxRaQatoHTloB5XRMaqgKiLoGt2ie/Rg3BlPxovx2ouOGP2fZTQA4+0L/8Gl/Q==</latexit>

C1
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Bézier Curves
RDC
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Bézier Curves
RDC

• 2056 curves on the 394k Pumpkin 

•  289 ms to trace all of them
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